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M closed, oriented and connected smooth manifold

g: a riemannian geometry for M
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Laplace-Beltrami

A\, : Laplace-Beltrami operator on (1, g)
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Laplace-Beltrami

A\, : Laplace-Beltrami operator on (1, g)

A, = div(grad(-))
(Chavel, 1984)
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Heat equation on (M, g)
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= Ag (f)
= helL*(M)
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f:Mx(0,00) =R
such that (Jorgenson and Lang, 2003):
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A solution is a continuous function

f:Mx(0,00) =R
such that (Jorgenson and Lang, 2003):

for each t > 0, f (-, t) is C?, and for each x € M, f(z,-) is C*

2 ({;J; ANg(f) and

tl_i}r&/ [z, t)(x)dvoly /M h(z)y(z)dvol,
Vi € C°° (M)
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Solution method

» Ay has real eigenvalues
0:)\0</\1<)\2<"'

and
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Solution method

» Ay has real eigenvalues
O=X <A <A<
and
» L?(M) has an orthonormal basis
{wij:1>0,1<j <m; <oo}

whit Ag(pij) = Aiwij
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Solution method

» Thus, if Ey\, = span{yi1, -, Yim,} we have
L*(M)=E\,® E\, ®Ey, ®---
i.e. each h € L?(M) can be written uniquely as
h=ho+hi+hy+---

with h; € E),. (Fourier decomposition of h)
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Solution method

» Thus, if Ey\, = span{yi1, -, Yim,} we have
L*(M)=E\,® E\, ®Ey, ®---
i.e. each h € L?(M) can be written uniquely as
h=ho+hi+hy+---

with h; € E),. (Fourier decomposition of h)

» Connectedness of M implies hg = c is a constant.
(Lehoucq et al., 2003)
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Solution to problem

of B
5= B

f(z,0) = heL?>(M)
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Solution to problem

of B
5= B

f(z,0) = heL?>(M)

f(z,t) = c+ e Mhy(x) + e 2 hy(x) + - - -
Where h(z) = ¢+ hi(z) + ha(z) + - - - is the Fourier decomposition of h.
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Solution to problem

(M, g) is locally homogeneous if for any p,q € M there are open
neighborhoods U,V of p and ¢, respectively, such that there exists an
isometry ¢ : U — V sending p to gq.
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Morse functions on M

f: M — R smooth; p € M is a nondegenerate critical point of f if there
are local coordinates z1, - - , z, such that z;(p) = 0 for all 4, and

ZJHZ»”E

i=k(p)+1
where 0 < k(p) < n and

k(p) is called the index of the critical point p
(Milnor, 2016)
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Definition of Morse function

A smooth function f : M — R is Morse if all of its
critical points are nondegenerate, and attains different
values at different critical points.
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Definition of Morse function

A smooth function f : M — R is Morse if all of its
critical points are nondegenerate, and attains different
values at different critical points.

We will say that a Morse function on M is minimal if
there is no Morse function on M having fewer critical
points.
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So, the big question is:
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So, the big question is:

To what extent is it true that if (M, g) is a locally homogeneous
riemannian minifold, there exists an open dense subset U of L?(M),

having the property that for each h € U, there exists t;, > 0 such that if
ft,t >0, is the solution to

of
ot = Ag(f)

ft : M — R is a minimal Morse function for each ¢t > t;, 7
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Simplest case:

UNIVERSIDAD

EAFIT



Simplest case:

Suppose that the functions in the first nontrivial eigenspace E, of (M, g)
are generically minimal Morse functions of M, i.e. that the set

{(a1, -+ ,am,;) : a1p11 + -+ + Am, P1m, is minimal Morse}

is open and dense in R,
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Simplest case:

Then, a generic choice of h =c+ hy + ho +--- in LQ(M) will be such
that A1 is a minimal Morse function.

UNIVERSIDAD

EAFIT



Simplest case:
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that A1 is a minimal Morse function.
Now, since

fi=cteMh+eMhy 4
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Simplest case:

Then, a generic choice of h =c+ hy + ho +--- in LQ(M) will be such
that A1 is a minimal Morse function.
Now, since

fi=cteMh+eMhy 4
we have

ft—c— e Mty = e M hy -
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Simplest case:

Then, a generic choice of h =c+ hy + ho +--- in LQ(M) will be such
that A1 is a minimal Morse function.

Now, since

fi=cteMh+eMhy 4
we have

fi—c—e Mhy =e My 4.
and then

im0 |
He (ft—c)—m o e 2 + oo
The right hand side goes to zero as t — oo.
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Simplest case:

So,
He)‘lt(ft —¢) —h1H —0sot— 00
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Simplest case:

So,
He)‘lt(ft —¢) —h1H —0sot— 00

Now, since hy is minimal Morse, a direct consequence of Mather's stability
theorem implies that e*? (f; — ¢) is minimal Morse for large enought ¢,
which turn implies that f; — ¢ is a minimal Morse function for large
enough t.
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Circle St

Al=1, =4, X=9, M\=16,--
Ey, =span {sin(x), cos(z)}
Ey, =span {sin(2x), cos(2z)}
Ey, =span {sin(3x), cos(3z)}
Ey, =span {sin(4x), cos(4z)}
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

+ [as sin (3z) + bz cos(3z)] e

1004

60
404

204

—9t

+ [aa sin (4x) + by cos(4z)] e

1=0.0000
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *
+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%

+=0.0067
100
804
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40
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: y A A
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Circle St

4t

f(z,t) =c+ [aysin (z) 4 by cos(z)] e " + [az sin (2x) + bz cos(2z)] e
+ [az sin (3z) + bz cos(3z)] e~ + [a4 sin (4x) 4 bs cos(4x)] e

16t

t=0.0134
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *
+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%

1004

604

40+

-204
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *
+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%
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40
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1=0.0268
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%

1=0.0334
1004
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40
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *
+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%
100] 1=0.0401
804
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Circle St

f(z,t) =c+ [aysin (z) 4 by cos(z)] e " + [az sin (2x) + bz cos(2z)] e
+ [as sin (3z) + bz cos(3z)] e

100
80
60
40

20

—9t

1=0.0468

+ [aa sin (4z) + by cos(4x)] e
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *
+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%

1=0.0535
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Circle St

f(z,t) =c+ [a1sin (z
+ [az sin (3z) 4 bz cos(3z)] e

) + by cos(z)] e " + [ag sin (22) + by cos(2z)] e *

t=0.0602
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80
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404
20 /
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

+ [az sin (3z) + bz cos(3z)] e~ + [a4 sin (4x) 4 bs cos(4x)] e

t=0.0669
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Circle St

f(z,t) =c+ [aysin (z) 4 by cos(z)] e " + [az sin (2x) + bz cos(2z)] e
+ [as sin (3z) + bz cos(3z)] e

4t

—9t 16t

+ [aa sin (4z) + by cos(4x)] e

1=0.0870
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
t=0.1003
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *
+ [az sin (3z) 4 bz cos(3z)] e~ + [a4 sin (4x) + ba cos(4x)] e "%

t=0.1137
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

+ [az sin (3z) 4 bz cos(3z)] e

1004

60

40
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20

201
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
1=0.1405
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
t=0.1538
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
t=0.1672
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

: —ot : —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
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f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
t=0.2542
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Circle St

f(z,t) =c+ [aysin (z) 4 by cos(z)] e " + [az sin (2x) + bz cos(2z)] e
+ [as sin (3z) + bz cos(3z)] e
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60+
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
t=0.3880
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f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

+ [as sin (3z) + bz cos(3z)] e

—9t 16t

+ [aa sin (4z) + by cos(4x)] e
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

. —9t . —16t
+ [as sin (3z) + bz cos(3z)] e 7" + [a4 sin (42) + ba cos(4x)] e
t=2.0000
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Circle St

f(z,t) =c+ [a1 sin (z) + by cos(z)] e " + [ag sin (2z) + by cos(2z)] e *

+ [as sin (3z) + bz cos(3z)] e

1001

60

40
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—9t 16t

+ [aa sin (4z) + by cos(4x)] e

t=2.0000
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Tori T2

(Cadavid and Velez, 2003)
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Tori T2

(Cadavid and Velez, 2003)

A =1,

o =2, A3=4,

M=5,--

Ey, =span {sin(x), cos(x), sin(y), cos(y)}

E,, =span {sin(x +

E

3

(x+y),cos(z+y)}
=span {sin(2r), cos(2z), sin(2y), cos(2y) }
(

E,, =span{sin(2z + y), cos(x + 2y)}

Jhon Bernal

Heat equation

May 30, 2018
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) 4 by cos(x) + c1 sin(y) + di cos(y)] e
+ [az sin (x + y) + by cos(z + y)] e~

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

—t

fz,y,t) =c+ [a1sin (z) 4 by cos(x) + c1 sin(y) + d1 cos(y)] e
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2
flz,y,t) =c+ [aysin (z) 4 by cos(z) + ¢1 sin(y) + di cos(y)] e

+ [az sin (x + y) + by cos(z + y)] e
+ [as sin (22) + by cos(2z) + ¢3 sin(2y) + ds cos(2y)] e

"

t_|_...
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EAFIT
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *

= ~_| Maximum 10

3 5

0

-5

" g -10

Minimum ~15
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *

= ~_| Maximum 10

3 5

0

. -5

-10

Minimum Saddle -15
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Tori T2

t

f(z,y,t) =c+ [a1sin (z) + b1 cos(z) + c1 sin(y) + d1 cos(y)] e™
+ [az sin (x + y) + by cos(z + y)] e

+ [as sin (22) + bs cos(2z) + ¢ sin(2y) + ds cos(2y)] e *

Saddle |
7 . \ Maximum 10
5
0
. -5
-10
Minimum Saddle -15
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The Hantzsche-Wendt space

Take E3 = (R3,ge) where g, is the euclidean geometry.
Let G be the group of isometries of E3 generated by

[y, 2) = (2 +2,—y+2,-2)
g 1($,y,2) — (_x7y+27_2+2)
hi(z,y,2) > (—2+2,—y,2 +2)

The Hantzsche-Wendt space is E3/G
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Hantzsche-Wendt E? /G
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Hantzsche-Wendt E? /G

A fundamental domain for The Hantzsche-Wendt space is:
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Hantzsche-Wendt E? /G

A fundamental domain for The Hantzsche-Wendt space is:
z

o

Rhombic dodecahedron
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Hantzsche-Wendt E? /G

A fundamental domain for The Hantzsche-Wendt space is:
z

P

Rhombic dodecahedron
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Hantzsche-Wendt E?/G

A fundamental domain for The Hantzsche-Wendt space is:
z

Rhombic dodecahedron
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Hantzsche-Wendt E? /G

A fundamental domain for The Hantzsche-Wendt space is:
z

‘ 2 y
xXr
Rhombic dodecahedron
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Hantzsche-Wendt E3/G

(Riazuelo et al., 2004)
E), is spanned by

sin (3 (z+y)) +sin (3 (z—y)),
sin (5 (y+2)) +sin (5 (y —2)),
sin (3 (z+2)) —sin (3 (z — 2)),

E), is spanned by

cos(S(x+y—+2))+cos(Z(x—y—2))+cos(E(z—y+2)+
cos(g(afH-y— )),
sin(S(x+y+2)+sin((z—y—2)—sin(F(xz—y+2)-—
Sln(g(x—ky—z)),
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Hantzsche-Wendt E? /G

f= [sin (g (ﬂchy)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

afon (Fe ) s (59
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Hantzsche-Wendt E? /G

f= [sin (g (ﬂchy)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]
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Hantzsche-Wendt E? /G

f= [sin (g (ﬂchy)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

afon (Fe ) s (59
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Hantzsche-Wendt E? /G

f= [sin (ﬂ (ery)) + sin (72r (z 7y))] + [sin (721’ (y+z)) + sin (g (yfz)>]
sm x+z —sm

Z= 06730

Ji
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Hantzsche-Wendt E? /G

f= [sin (g (ﬂchy)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

afon (Fe ) s (59
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Hantzsche-Wendt E? /G

f= [sin (g (ﬂchy)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

afon (Fe ) s (59

y 2=-2.0000
2A Critical points

A
\.\
T =
L)
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Hantzsche-Wendt E? /G

f= [sin (g (ﬂchy)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

afon (Fe ) s (59

Y 2=-1.7990

\

Critical points
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Hantzsche-Wendt E? /G

f= [sin (g (x+y)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

afon (Fe ) s (59

Y 2=-11390

2A \ Critical points

( 2y / EAFIT
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Hantzsche-Wendt E?/G

f= [sin (g (x-l—y)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Y 2= -15380

\ Critical points

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—l—y)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]
-2 [sin (g (z+ z)) — sin (z (z— z))]

2
\21
|7

Z=-1.2760

\ Critical points
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Hantzsche-Wendt E3/G

f= [sin (g (x—l—y)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Yy Z= -1.1960

Critical points

Index 2
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Hantzsche-Wendt E3/G

f= [sin (g (x—l—y)) + sin (g (z— y))] + [sin (g (y+ z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Z= -1.1960

\ Index 2

EAFIT
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Hantzsche-Wendt E?/G

p=fin(Carv)rem(@-v)]+ [ (Twr) +sm(To-2)]
-2 [sin (g (z+ z)) —sin (g (z — Z))]

=-0.9750

z
Y \ Critical points
\ \w; Index 2
-2
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Hantzsche-Wendt E?/G

f= [sin (g (x—l—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Y 2= -08740

2 \ Critical points

Index 2
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Hantzsche-Wendt E3/G

= fin G ) #on (G )] o (G +9) o (G-

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Yy 2= -0.7940

\ 2 \ Critical points
3\

Index 2
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Hantzsche-Wendt E?/G

f= [sin (g (x—l—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Y 2= -0.7540

\ Critical points

Index 2
Index 3

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—i—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Yy 2= -0.4920

\

Critical points

Index 2
Index 3

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—i—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Y 2=-0.1910

\.

Critical points

Index 2
Index 3

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—i—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Z=-0.0500

_

Y Critical points

Index 2
Index 3
Index 1

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—i—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Y 2= 0.0500

Critical points

Index 2
Index 3
Index 1
Index 2

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—i—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Yy Z= 04120

Critical points

Index 2
Index 3
Index 1
Index 2

nnnnnnnnnnn
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Hantzsche-Wendt E?/G

f= [sin (g (x—l—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

Yy 2= 0.6330

Critical points

Index 2
Index 3
Index 1
Index 2
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Hantzsche-Wendt E?/G

f= [sin (g (x—l—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

y 2= 0.7540

™S

Critical points

Index 2
Index 3
Index 1
Index 2
T Index O
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Hantzsche-Wendt E?/G

p=fin(Carv)rem(@-v)]+ [ (Twr) +sm(To-2)]
-2 [sin (g (z+ z)) —sin (g (z — Z))]

y 2= 0.8540

/}/ 2 \ Critical points

Index 2
Index 3
Index 1

Index 2
Index 0
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Hantzsche-Wendt E?/G

p=fin(Carv)rem(@-v)]+ [ (Twr) +sm(To-2)]
-2 [sin (g (z+ z)) —sin (g (z — Z))]

y 2= 0.8540

/}/ 2 \ Critical points

Index 2
Index 3
Index 1

Index 2
Index 0
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Hantzsche-Wendt E?/G

p=fin(Carv)rem(@-v)]+ [ (Twr) +sm(To-2)]
-2 [sin (g (z+ z)) —sin (g (z — Z))]

y 2=1.0350

Critical points

Index 2
Index 3
Index 1
Index 2
Index O
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Hantzsche-Wendt E?/G

f= [sin (g (m—l—y)) + sin (g (z — y))] + [Sin (g (y + z)) + sin (g (y — z))]

-2 [sin (g (z+ z)) —sin (g (z — Z))]

y 2= 1.1960

2 Critical points
/ \'k_/)/ Index 2
Ly Index 3
/ Index 1
Index 2

T Index 0
Index 1
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Hantzsche-Wendt E?/G

= (5o on (5 0)] o () s ()]
-2 [sin (g (z+ z)) —sin (g (z — Z))]

Yy 2= 12760

Critical points

Index 2
Index 3
Index 1
Index 2
T Index 0
Index 1
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Hantzsche-Wendt E?/G

f= [sin (g (x-l—y)) + sin (g (x — y))] + [Sin (g (y+ Z)) + sin (g (y— Z))]
-2 [sin (g (z+ z)) — sin (g (z — Z))]

Y 2= 1.5980 i )
Critical points

| )

) 1 Index 2
> ! Index 3
Index 1
Index 2
< > Index 0

-2 “1 2
\‘ K Index 1
UNIVERSIDAD
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Hantzsche-Wendt E? /G

f= [sin (g (ery)) + sin (g (z — y))] + [sin (g (y + Z)) + sin (g (y— Z)>]
sfin (S0 +9) -en G o-)

Y 2= 2.0000 . )
24 Critical points

Index 2
Index 3
Index 1
Index 2
> Index 0

Index 1

Total 6

™A
=
©
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This has been proved for:
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This has been proved for:

» Round spheres of all dimensions

S”:{xGR”+1:||x||:1},n21
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This has been proved for:

» Round spheres of all dimensions

S”:{ZL‘GR”H:HxH:l},nZl

» Flat tori of all dimensions

T"=8'%x...xS'CcR™ n>1
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This has been proved for:

» Round spheres of all dimensions

S”:{ZL‘GR”H:HxH:l},nZl

» Flat tori of all dimensions

T"=8'%x...xS'CcR™ n>1

» Flat Klein bottle
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This has been proved for:

» Round spheres of all dimensions
S ={z eR™: ||z|| = 1},n>1
» Flat tori of all dimensions
T"=8'%x...xS'CcR™ n>1
» Flat Klein bottle

v

Spherical projective plane
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This has been proved for:

» Round spheres of all dimensions
St = {:BGR”+1 Hzl=1},n>1
» Flat tori of all dimensions
T"=8'%x...xS'CcR™ n>1
» Flat Klein bottle

v

Spherical projective plane

v

Complex projective spaces endowed with the Fubini-Study metric
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There is strong experimental evidence that the
phenomenon takes place for:
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There is strong experimental evidence that the
phenomenon takes place for:

» Hyperbolic surfaces of genus two or more
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There is strong experimental evidence that the
phenomenon takes place for:

» Hyperbolic surfaces of genus two or more

» Spherical lens spaces
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There is strong experimental evidence that the
phenomenon takes place for:

» Hyperbolic surfaces of genus two or more
» Spherical lens spaces

» Spherical dodecahedral Poincaré space
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