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Outline

The outline of the talk is the following:
@ Introductory Question.
e Part I: A theorem of Convergence for i.i.d. Samples.
e Part Il: What happens for non i.i.d. designs? (with an illustration)
@ Part IlI: Convergence in Distribution of LSR.
All random variables are defined on (£, A, P).
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The Question

Given a random vector (X, Y) € R x R, how to approximate a “regressor”
f* of Y given X7

f*ear min  E[[foX — Y|? 1
g{f:foXELI%} ” ‘ ] ( )

(so that f*o X = E[Y|X] if Y € L3).
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Part |

A Theorem of Convergence for i.i.d. Samples
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Hypotheses

o F a family of (measurable) functions RY — R.

e (New Goal) To find, if possible

F* inE[|fo X — Y/|?
(f)earg;@g [|fo ]

else (F*K), with E[|f*¥ o X — Y|?] = infrer E[|f o X — Y|?].
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f* inE[|fo X — YJ?
() € argmin E[|f o I
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Hypotheses

o F a family of (measurable) functions RY — R.

e (New Goal) To find, if possible

F* inE[|fo X — Y/|?
(f)earg;@g [|fo ]

else (F*K), with E[|f*¥ o X — Y|?] = infrer E[|f o X — Y|?].

o (l.i.d Design) D, := ((Xk, Y«));_; an i.i.d. vector.
(Xk, Yi) ~ (X, Y).

o (LSR Strategy) Given data Dp(w) = ((Xk(w), Yx(w)))7_;

A

P(F,Do(w)) € argmin - SIFO() - Vil)P. (2)
k=1
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Heuristics

© By the Law of Large Numbers
1 n
;Z |F(Xk(w)) = Yi(w)[? = E[|f o X = Y|?] (3)
k=1

for P—a.e. w and “large” n > N(f,w).
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Heuristics

© By the Law of Large Numbers
1 n
;Z |F(Xk(w)) = Yi(w)[? = E[|f o X = Y|?] (3)
k=1

for P—a.e. w and “large” n > N(f,w).

@ Therefore, if N(f,w) = N is “uniform”

1 n
in =~ F(X, — Y (WP~ inffE|fo X — Y% 4
pggnkzll (Xi(@)) = (@) = inf E[fo X — Y2 (4)
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li.d. Case

ﬁ
But are the “arginf’s” close also?: the problem of generalization.
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Remarks

1. Within F, one cannot do better than

inf EffoX—Y2— min _ E|ffoX—-Y]?=
feFr {f:foXel2}

inf (E|f o X — Y|> — E|E[Y|X] — Y|?) =

. . 2
inf inf (E|f o X — E[YIX]I%)

(5)

(approximation error).
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2. The “uniformity” of N means (either)
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2. The “uniformity” of N means (either)

e The uniform law of large numbers (consistency)
n

1
L =N o X — Yill? — Elf o Xi = Yil?) =0, P—a.s.
nm;ofg;,,;uok WP Elfo X — Vi) =0, P as. (6)
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e The uniform law of large numbers (consistency)
n

1
L =N o X — Yill? — Elf o Xi = Yil?) =0, P—a.s.
nm;ofg;,,;uok WP Elfo X — Vi) =0, P as. (6)

o Uniform concentration inequalities (speed of convergence)

Plsup I% > (1 o X = Yal? = E[If o Xi = Yil?])| > 8] < e(n, ). (7)
k=1

€(n,0) = 0 as n— oo for all § > 0.
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2. The “uniformity” of N means (either)

e The uniform law of large numbers (consistency)

n

1
L =N o X — Yill? — Elf o Xi = Yil?) =0, P—a.s.
nm;ofg;,,;uok WP Elfo X — Vi) =0, P as. (6)

o Uniform concentration inequalities (speed of convergence)

Plsup I% > (1 o X = Yal? = E[If o Xi = Yil?])| > 8] < e(n, ). (7)
k=1

€(n,0) = 0 as n— oo for all § > 0.

This leads to assumptions on the distribution of D, and on F.
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li.d. Case

A Classical Result for i.i.d. Samples

Theorem ([GKKMO3], Theorem 11.5)
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li.d. Case

A Classical Result for i.i.d. Samples

Theorem ([GKKMO3], Theorem 11.5)

e B>1, ||Y|lpeo < B.
o Dp = ((Xk, Yi))i—q isiid. (X, Yi) ~ (X, Y) with distribution pi.
o \> 1.

then

E [ 1 I c5y() ~ vl y) <

(1+ logn)
n

C(\)B*Vr +Afig;E\fox— Y2 (8)

Vr = VC- dimension associated to F.
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The estimate (8) is a consistency estimate with speed of convergence:
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Remark

The estimate (8) is a consistency estimate with speed of convergence:

@ (Consistency of the generalization) It implies that if (X', Y') is an
independent copy of (X, Y) (independent from D))

limE|f* o X' — Y'|> = inf E|f o X — Y|?,
n feF

(fix A > 1, let n — oo, then let A — 1, then let B — o0).
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Remark

The estimate (8) is a consistency estimate with speed of convergence:

@ (Consistency of the generalization) It implies that if (X', Y') is an
independent copy of (X, Y) (independent from D))

limE|f* o X' — Y'|> = inf E|f o X — Y|?,
n feF
(fix A > 1, let n — oo, then let A — 1, then let B — o0).

@ (Speed of Convergence) If the elements of F are bounded by B, it
gives a function N(e) such that

0<E|ffoX —Y|P—infE[foX—-Y]?<e
feF
if n> N(e).
(Fix e > 0 and A = A(€) > 1 such that
(Me) — 1) inf E|f o X — Y|> < ¢/2).
feF
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The non li.d Case: convergence of Averages

Part |l

What happens if (Xk, Yk)k is not an i.i.d. sequence?
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Motivation: an MCMC Example
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I olonlliile: =Rl s
Motivation: an MCMC Example

( [FGM17]): Given X, Y (accessible) random variables and a “rare” event
A for X

0<PX € Al<<1,
consider X ~ X|[X € A]:

P[X € AN A]

Flxea= P[X € A

Problem: how do we efficiently approximate
E[F(X, E[Y[X])]
supposing the knowledge of the conditional probability measures

Q(A,x) =P(Y € AIX =x) =P(Y € AIX = x)?
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X =i X

(for any initial distribution or a convenient one).
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The non li.d Case: convergence of Averages

Strategy (sketch):
@ Do a sample Dp(w) := (Xk(w))i_; from a Markov Chain (X), with
X =i X
(for any initial distribution or a convenient one).
e Use Q(-, x) to sample a corresponding (Xi(w), Yk(w))«-

o (Regression Step) Use the approximation (why?)

E[Y|X =]~ hy(-) :=arg m.an|xk (w) = Ye@)]?.  (9)
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The non li.d Case: convergence of Averages

Strategy (sketch):
@ Do a sample Dp(w) := (Xk(w))i_; from a Markov Chain (X), with
Xk =k X
(for any initial distribution or a convenient one).
e Use Q(-, x) to sample a corresponding (Xi(w), Yk(w))«-
o (Regression Step) Use the approximation (why?)

E[Y[X =]~ hy() —arg,gg;l*ZIXk @ (9

@ Use the approximation (why?)

n

F(Xi(@), ho(Xi())). (10)

k=1

EF(X, E[Y|X]) ~ %
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The non li.d Case: convergence of Averages

Does this work? What is the speed of convergence (if any) of this
procedure?
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The non li.d Case: convergence of Averages

Does this work? What is the speed of convergence (if any) of this
procedure?

Answers:

@ See [FGM17] for some answers under convenient hypotheses.
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The non li.d Case: convergence of Averages

Does this work? What is the speed of convergence (if any) of this
procedure?

Answers:
@ See [FGM17] for some answers under convenient hypotheses.
o For the regression step:

(Contribution) Generalize [GKKMO03], Theorem 11.5 using
B—mixing coefficients associated to (X, Yi)«-

Definition (8—mixing Coefficients.)

For sub sigma-algebras A; and A, of A,

BETA(A1, Az) = E[ASEP IP(Az) — P[A2|As]]]- (11)
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A General Theorem for LSR with Bounded Response.
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A General Theorem for LSR with Bounded Response.

Setting:
e B>1.

(Xk, Yx)« a sequence of random vectors (maybe not i.i.d).

supy || Ykl[p,0o < B.

pk the distribution of (Xk, Yx). pn:= (p1+ -+ pn)/n.

@ I1,..., I afixed (arbitrary) partition of {1,...,n}, || < |lky1]-
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supy || Ykl[p,0o < B.

pk the distribution of (Xk, Yx). pn:= (p1+ -+ pn)/n.

@ I1,..., I afixed (arbitrary) partition of {1,...,n}, || < |lky1]-

Bk j) = BETAW((Xy, Vi )yenniryy) o(X, )): the f—mixing
coefficient between time j and its past within /.
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A General Theorem for LSR with Bounded Response.

Setting:
e B>1.

(Xk, Yx)« a sequence of random vectors (maybe not i.i.d).

supy || Ykl[p,0o < B.

pk the distribution of (Xk, Yx). pn:= (p1+ -+ pn)/n.

@ I1,..., I afixed (arbitrary) partition of {1,...,n}, || < |lky1]-

Bk j) = BETAW((Xy, Vi )yenniryy) o(X, )): the f—mixing
coefficient between time j and its past within /.

e F a family of functions with associated VC dimension V.
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The non li.d Case: convergence of Averages

Theorem (A Rate of Convergence for LSR with bounded Response)

In the setting of the previous slide, let

IZ—‘*

A 1<
f*(F,D,) = arg%@nkzvoxk — Y%,
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The non li.d Case: convergence of Averages

Theorem (A Rate of Convergence for LSR with bounded Response)

In the setting of the previous slide, let
£tk _ 1 : 2
f —f(]:,Dn)—arggél]r;nkz:VoXk Yk|“,

then

(1+ log L + log|hl)
a

E [ 171 <o) — yPdunlx,y) < COVE*Vz

L
885+ 1) 3" 3 B(k) + A jnf [ 1£() — yPdun

k=1 jel,
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The non li.d Case: convergence of Averages

Example: independent, non i.d. case (L = 1)
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The non li.d Case: convergence of Averages

Example: independent, non i.d. case (L = 1)

Here 5(k,j) = 0 for every k, j.
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The non li.d Case: convergence of Averages

Example: independent, non i.d. case (L = 1)

Here B(k,j) = 0 for every k,j. We get, as before, the convergence (up to a
exchange of limits)

E/ |F*(x) = y[Pdpn(x,y) — fig;/lf(X) — yPdpn(x,¥) =00 0,
with speed (sup (¢ e rxre [f(X)| < B)

1+ logn)
C\)V- 54(7.
(MVF p
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The non li.d Case: convergence of Averages

[[lustration
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The non li.d Case: convergence of Averages

[[lustration

U ~ unif[-1,1],
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The non li.d Case: convergence of Averages

[[lustration

U ~ unif[—1,1], X = arctan U,
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The non li.d Case: convergence of Averages

[[lustration

U ~ unif[—1,1], X = arctan U, N ~ N(0, o2) (truncated) independent of
U'N

D.Barrera (CMAP) LSR for Non-sationary Designs Eafit Seminar Math. Eng. 19 / 33



The non li.d Case: convergence of Averages

[[lustration

U ~ unif[—1,1], X = arctan U, N ~ N(0, o2) (truncated) independent of
U'N
YED = X2sinX + N, YO = X2 4 N
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The non li.d Case: convergence of Averages

[[lustration

U ~ unif[—1,1], X = arctan U, N ~ N(0, o2) (truncated) independent of
U'N
YED = X2sinX + N, YO = X2 4 N

D,=D, ,UD,, n_1+n =n,
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The non li.d Case: convergence of Averages

[[lustration

U ~ unif[—1,1], X = arctan U, N ~ N(0, o2) (truncated) independent of
U'N
YED = X2sinX + N, YO = X2 4 N

D,=D, ,UD,, n_1+n =n,

Dp, = nk independent copies of (X, y (k).

D.Barrera (CMAP) LSR for Non-sationary Designs Eafit Seminar Math. Eng. 19 / 33



The non li.d Case: convergence of Averages
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The non li.d Case: convergence of Averages

Unclassified Data Classified Data

20 20
15 b 15
. o
10 '& 10
[ O
(o)
. -
o . |_‘," k ...A ’
3 % .
00 a V8, SRV ) 00
o] .':Q"?n =
-05 kA B P . J% o5
g . by
10 - *oe 10
15 15
210 05 0.0 05 o 210 05 0.0 05 10

D,=D, ,UD, Dy,, Dp,
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The non li.d Case: convergence of Averages

Unclassified Data Classified Data

20 20

15 b 15

. o
10 ;‘{'& 10
LRt
o
0s s 05
a '$ :
—05 '.‘: P J% -05
Q

-10 - -10

-15 -15
210 05 00 05 10 210 05 00 05 1o

D,=D, ,UD, Dy,, Dp,

08 -06 -04 -02 0.0 0z 04 06 08 08 -06 -04 -02 00 02 04 0.6 08
(The blue empirical approximation is at least “as good” as the other ones).
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The non li.d Case: convergence of Averages

Note:
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The non li.d Case: convergence of Averages

Note: Here ny = n_1, and fB is an estimator of
L ey (1)
E[Y|X] = E(E[Y IX]+ E[Y']X]).

where
oY = Y(_l)/[szl] + Y(I)I[R=1]'

e R =Rademacher (independent from data).
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The non li.d Case: convergence of Averages

Note: Here ny = n_1, and fB is an estimator of
L ey (1)
E[Y|X] = E(E[Y IX]+ E[Y']X]).

where
o V=Y e 5+ YOy
e R =Rademacher (independent from data).

Indeed:
inf = > E|f o X — Yi|? =
(Xkyyk)eDn_]_UDnl

inf > (E|fo —YEDR2 L Efox—vY(E |)—|nfE|foX Y|2.
S
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The non li.d Case: convergence of Averages

Exponentially Mixing Sequences
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The non li.d Case: convergence of Averages

Exponentially Mixing Sequences

Recap: Convergence of LSR for bounded Y with speed

(1+log L+ log|hl)

C(\)B*Vr
A

L
+8B2 A+ 1)> > B(k.)).

k=1 jcly
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The non li.d Case: convergence of Averages

Exponentially Mixing Sequences
Recap: Convergence of LSR for bounded Y with speed

log L + log |/ -
(1+ og|l1%’— og|hl) +8B2 A+ 1)> > B(k.)).

k=1 jcly

C(\)B*Vr

Exercise: Assume the (sub)exponential mixing condition
5(0(()9”7 Yi')j'ﬁl')ao'(()gurka \/_]Jrk))) < aei(:k7 (av C) = [07 OO) X (0,00)

(12)
and consider the partition I,..., I, of {1,...n} where

1 . _
[ = [(l—l—c)logn—‘, Ik = {JL—FkJm:Ol

for 0 < k < L (adjust the necessary details) to prove the following:
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The non li.d Case: convergence of Averages

Theorem (Rate of convergence of LSR for Exponential Mixing Sequences)

Under (12) (and the rest of our working hypotheses):
A 1
E/ |F*hipe <y () = ¥ dpn(x,¥) < C(A)B*VE(L + 2)2 log nx

(1+ logn)
n

(

1
for n > 2 such that e" > nlt<.

log Ay v - )
+a(1+ )0 ) 4 A inf / 1£(x) — yPdin(x,¥)-
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The non li.d Case: convergence of Averages

First Conclusion (convergence of Averages)

Under mixing conditions (exponential, polynomial) on the data sequence
(Xk, Y«)k, and for the LSR estimator f* (constructed from

D = (Xk, Yk)7_1), one has the convergence (if F is a VC class and
1 Yillpoo < B)

i (£ [ 1760 = yPatuneo) = it [ 1760 = P, )) =0

(13)
with an explicit rate (depending on \ > 1) in the bounded case for an
error less than

A=1)inf =) E|f o X — Yi[*.
( ;Qf,,kZO‘Ok d
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The non i.i.d. case: convergence in Distribution

Part 1l

Convergence in Distribution of Least-Squares Regression
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The non i.i.d. case: convergence in Distribution

An Interpretation of the Previous Results

For (not necessarily i.i.d.) mixing data D, := {(Xk, Yi)};_; with uniformly
bounded response (||Yk||p,.o < B), the LSR

fog = F*(TsF,Dy)

is a L2—universally consistent estimator of the best L?> approximation
of Y as a function of X taken from TgF:

R . N R 2
fag~f (TB]-",D,,)Eargfén%gfnkzzlEVoXk—Yk\ =
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For (not necessarily i.i.d.) mixing data D, := {(Xk, Yi)};_; with uniformly
bounded response (||Yk||p,.o < B), the LSR

fog = F*(TsF,Dy)

is a L2—universally consistent estimator of the best L?> approximation
of Y as a function of X taken from TgF:

R . N R 2
fag~f (TB]-",D,,)Eargfén%gfnkzzlEVoXk—Yk\ =

. 2
arg min, [ 1700 =y dua(x.). (14)
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The non i.i.d. case: convergence in Distribution

An Interpretation of the Previous Results

For (not necessarily i.i.d.) mixing data D, := {(Xk, Yi)};_; with uniformly
bounded response (||Yk||p,.o < B), the LSR

fog = F*(TsF,Dy)

is a L2—universally consistent estimator of the best L?> approximation
of Y as a function of X taken from TgF:

fog ~ F*(TgF,D,) € arg min_ —ZE|foXk— Y, |2 =

2
arg min, [ 1700 =y dua(x.). (14)

Note: if (X, Yx) ~ (X, Y) (thus p, = pis), the r.h.s of (14) reduces to
in_E[|foX— Y.
arg min_E[|f o °]
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The non i.i.d. case: convergence in Distribution

Questions on Convergence

(When) is there a limit, as n — oo, to

inf f(x) — y|?dun(x,y)?
inf Rdel() y|*dpn(x, y)
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The non i.i.d. case: convergence in Distribution

Questions on Convergence

(When) is there a limit, as n — oo, to
inf [F(x) = yI*dpn(x,¥) ?

TeF JRIXR

If such limit exists, is there a speed of convergence?
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The non i.i.d. case: convergence in Distribution

Asymptotic Consistency of LSR
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The non i.i.d. case: convergence in Distribution

Asymptotic Consistency of LSR

We have seen: under mixing conditions

0= lim(E [ o) I dunloy) = inf [ 1) = y%dunx. ).
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The non i.i.d. case: convergence in Distribution

Asymptotic Consistency of LSR

We have seen: under mixing conditions

0= lim(E [ o) I dunloy) = inf [ 1) = y%dunx. ).

Let 1 be a measure. Assuming the “diagonal” convergence
0= lim(€ [ 1)~y diun(x.)~ E [ Ihnsl) — v dtx.)). (19)

we get 0 = lim,(E[[ |f.5(x) = y|? du] — infreryr [ 1F(x) = y[2dpn(x, ).
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The non i.i.d. case: convergence in Distribution

Asymptotic Consistency of LSR

We have seen: under mixing conditions

0= lim(E [ o) I dunloy) = inf [ 1) = y%dunx. ).

Let 1 be a measure. Assuming the “diagonal” convergence

0= lim(€ [ 1)~y diun(x.)~ E [ Ihnsl) — v dtx.)). (19)

we get 0 = lim,(E[[ |f.5(x) = y|? du] — infreryr [ 1F(x) = y[2dpn(x, ).

If in addition “lim, inf7, 7 = infrc 7,7 lim,” we arrive at

i E{ [ 126) = yP duteoy)] = inf [ 1700 = yPdutxy). (16)
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The non i.i.d. case: convergence in Distribution

Theorem (Convergence in Distribution of LSR)

D.Barrera (CMAP) LSR for Non-sationary Designs Eafit Seminar Math. Eng. 29 / 33



The non i.i.d. case: convergence in Distribution

Theorem (Convergence in Distribution of LSR)

Assume that (Xi, Yi)«, f,,,B is as above ((Xk, Yx) S—mixing,
| Yk||poo < B, etc.) and let

1 n
Hn = ; ;M(Xk,yk)

be the average measure at time n.
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The non i.i.d. case: convergence in Distribution

Theorem (Convergence in Distribution of LSR)

Assume that (Xi, Yi)«, f,,,B is as above ((Xk, Yx) S—mixing,
| Yk||poo < B, etc.) and let

1 n
Hn = ; ;M(Xk,yk)

be the average measure at time n. If ju, converges to . in total
variation distance, then

. 2~ 12 _ 2
imE [ 1F60) ~ yPdu(xy) = inf [ 1F06) ~ yPdue. ).
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The non i.i.d. case: convergence in Distribution

Theorem (Convergence in Distribution of LSR)

Assume that (Xi, Yi)«, f,,,B is as above ((Xk, Yx) S—mixing,
| Yk||poo < B, etc.) and let

1 n
Hn = ; ;M(Xk,yk)

be the average measure at time n. If ju, converges to . in total
variation distance, then

. 2~ 12 _ 2
imE [ 1F60) ~ yPdu(xy) = inf [ 1F06) ~ yPdue. ).

Proof: Convergence in TVD implies
im sup_ | [[170) = yPdntxey) = [ 17 = yPu(x.y)] =
n feTgF

This implies the exchange of “lim” and “inf". 0
LSR for Non-sationary Designs



The non i.i.d. case: convergence in Distribution

Speed of Convergence
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The non i.i.d. case: convergence in Distribution

Speed of Convergence

Speed of convergence can be obtained assuming control on ||p, — p|| v .
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The non i.i.d. case: convergence in Distribution

Speed of Convergence

Speed of convergence can be obtained assuming control on ||p, — p|| v .

Example: A Markov Kernel Q satisfies the Doeblin condition if there
exists (0, m) € (0,1) x N* such that

Lom == sup [|Q"(x1,-) — @ (x2,-)|l7v < 0.

X17£X2
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The non i.i.d. case: convergence in Distribution

Speed of Convergence

Speed of convergence can be obtained assuming control on ||p, — p|| v .

Example: A Markov Kernel Q satisfies the Doeblin condition if there
exists (0, m) € (0,1) x N* such that

Lom == sup [|Q"(x1,-) — @ (x2,-)|l7v < 0.

X17£X2

Under the Doeblin condition, there exists a unique probability measure 7
with Qm = 7 and for every probability measure 7’

7' Q" — ||, < [’ — |7y 617/,
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The non i.i.d. case: convergence in Distribution

Theorem (LSR under the Doeblin Condition)

Assume that (Xi, Yx)«k is an homogeneous (perhaps non-stationary)
Markov chain satisfying the Doeblin Condition. Then if  is the unique
stationary distribution of (X, Yk)«, there exists (a, ¢) € [0, 00) x (0, 00)
such that for all A > 1

E / 17,50x) — y2 dr(x, ) <

(1+ Iog n) log n

C(N)B* V(1 + 1) oz

+a(l+ Yyn= )+

inf /\f y|2d7r(x y).

fGT
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The non i.i.d. case: convergence in Distribution

Thank youl!
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The non i.i.d. case: convergence in Distribution
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