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Introduction

The search of oil and gas are based on algorithms that generate tomographies of
the earth’s subsurface using seismic waves.

They are designed for domains with straight boundaries, but the oilfields are also
found under rugged regions
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Example of a gas cap.
In structures like these,
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trapped between water
and impermeable rock.
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Figure: oil trap

Figure: Cusiana oilfield in Colombia

Figure: Oilfields in complex topography
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Introduction

The procedure to generate images of the subsurface is to compare the real data
collected by the geophones with the synthetic data generated by computational
simulations: the solution of the wave equation. A cartesian mesh can not be well
adapted to the geometry of the problem when the surface in not flat. Because of
this, distorsions in the image are generated.
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. . . . Figure: image formed from a generalized
Figure: image formed with a cartesian mesh coordinate system (Shragge, J., 2014)
(C. Liy J.P. Huang,2014) T
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Figure: example of tomography with a flat
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complex topography
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State of the art

The algorithms that generate the images are based on the comparison of the data
received by the geophones (after the seismic waves are reflected in the different
structures of the subsurface) with the simulated data.

Figure: The construction of images of the earth's subsurface is based on the reflection of
seismic waves
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State of the art - Cartesian modeling
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State of the art - Cartesian modeling
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Figure: Synthetic seismogram for a model of 2 layers of constant propagation velocities
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Figure: To search the right velocity model the difference of the synthetic en real
seismograms is minimized
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Theory of seismic tomography
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A second-order Taylor-Lagrange development of the misfit function in the vicinity
of my gives the expression
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Theory of seismic tomography

Taking the derivative with respect to the model parameter m; results in

M

OE(m)  9E(m,) _Z 9 E(my)
om;,  Om, dm;omy

Amji=1,2,..., M.

g=1
Briefly speaking, it is

OF(m) _ JE(my) 2 9?E(my)

Jm dm Jdm? Am
Thus,
_ (9*B(mg)\ T 0E(mg) i
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Theory of seismic tomography

where
. JE(my) JE(my) 0F(my) dE(my)
VEn = — = e
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VE, and H are the gradient vector and the Hessian matrix, respectively.
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Theory of seismic tomography
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3 of
where Re takes the real part, and J = et — 23 4o 1o Jacobian matrix, i.e.

“Om dm

sensitivity or the Fréchet derivative matrix.
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Theory of seismic tomography

Recall that the basic acoustic wave equation can be specified as

1 p(x,t;x,)

— 2 ol et ¥ .
D 52 Voplx, t %) = fulx, ti%,):

where fo(x,t;x,) = f(#)d(x — x,)0(t — t'). The Green’s function I'(x,¢;x,,1') is
defined by
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Theory of seismic tomography

Thus the integral representation of the solution can be given by

p(x.,t%,) = f dx[dl’l‘(x,‘,l,:x./')f(x. t':x,)
"

= f dxfdl.’l‘(xr,t, —1':x,0) f(x, t'; x,)(Causility of Green’s function)
v

:/dxl"(xr,l;x,ﬂ)*f(x,!,;xs)
v
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Theory of seismic tomography

A perturbation v(x) — v(x) + Av(x) will produce a field p(x, ;x,) + Ap(x, ¢; x,)
defined by

1 Pp(x, t:x,) + Ap(x, t:x,)] : . : B _
('U(X) -+ Ai"(x))g 6!2 —Vg[p(x, i‘ X5)+A})(x= t’n xs)] =" fs(x'- tw xs)
Note that
1 1 2Av(x)

(v(x) + Av(x))? - 2(x)  v3(x) + 0(A%(x))
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Theory of seismic tomography

1 PAp(x,t;xs)
v2(x) ot?
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v?(x) at?

Again, based on integral representation, we obtain

. 9?p(x, t;x,) 2Av(x)
Ap(x,, t;x,) = /1 dxI'(x,., ;x,0) = AP )

I*p(x, t;x,) 2Av(x)
at? v3(x)

— V2Ap(x, t:x,) =
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Theory of seismic tomography

According to the previous section, it follows that

- 2 Pp(x.t:x,) 2
‘ﬂpmf :f AxT(x,., £; %, 0)p(X, ;X ) —— = f dxT'(x,., t; X‘O)*d Px, ;%)
dvi(x) v ;

v3(x) v a2 vi(x)

The convolution guarantees

[ ooy« s = [ ars@ia—0 « o
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Theory of seismic tomography
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Theory of seismic tomography

where p,..(x, ;%) is a time-reversal wavefield produced using the residual Ap(x,, £: x,)
as the source. It follows from reciprocity theorem

DX X)) = / dx[(x,,0;x. t) * Ap(x,, t;x,) = / dxD(x, 0;x,., &) * Ap(x,, t;x,).
1/' Ly

satisfying
1 &Pol(®x)
v2(x) ot?

- Vzpras (Xs {‘ X.s) = AP(X« t Xs)-
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Seismic modeling in complex topography

The problem of the propagation of a seismic wave in complex topography can be
transformed into the problem of propagation in a rectangular mesh by means of a
coordinate transformation
x1 | & 1)
x2 |

& +71(61)

where x; and x are the coordinates in the physical domain whose upper boundary
is complex (not flat) and &; and & are the coordinates of the rectangular domain.
The function 7(x1) = 7(&1) represents the upper edge of the physical domain,
that is, the shape of the mountain.
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Seismic modeling in complex topography

This transformation allows to map the rectangle to practically any topography. A
uniform mesh in generated in the rectangle. The mesh lines are mapped into the
physical domain, generating in this way the curved lines conformal to the
topography

Computational domain

Physical domain

0.5
1
2 15 g
& g
2
2.5
3. ] ‘ \ . . 3. : . . . s
0 05 1 15 2 25 0 05 1 15 2 25
&i(km) 21(km)
Figure: Uniform grid used for the Figure: curved grid used for the physical
computational domain domain
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Wave equation in generalized coordinates

The rectangular mesh is discretized in the usual way. In the new coordinate
system that is denoted &; and &> the wave equation is

, 1 92

[V - \/28t2] u(€1, &) = (£1,€2) (2)

with _ )
P= = (8VIelge ) =123 3)

Vgl 0% g

where o

_ Oxi 0%

&1 B¢, g (4)

are the metric coefficients and |g| is the absolute value of the determinant.
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Example: 2 layers model

Figure: 2 velocities model
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Seismic modeling in complex topography
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Figure: Seismic wavefront
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Seismic modeling in complex topography

In the rectangular domain seismograms can be generated just by taking a sample
of the field in £ = cte, tha corresponds to a sample of the field over the upper
edge of the physical domain.

Tiompo {s}

/\

Sismograma modelo 2 capas

Figure: seismogram obtained in & = 4 in the rectangular domain
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Results for tomography in a curved mesh

The FWI algorithm was applied to the Canadian Foothills SEG velocity model. A
synthetic model for a zone in British Columbia (Canada) that presents several
common geological features of that region.

Original model
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Figure: Canadian Foothills SEG velocity model
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Results for tomography in a curved mesh
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Figure: Original Canadian Foothills SEG ~ Figure: Model used to start the FWI
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Results for tomography in a
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Figure: Model used to start the FWI
algrithm

curved mesh
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Figure: Final velocity after 200 iterations
using a 5hz source
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Results for tomography in a curved mesh

Final model 15Hz

Final model 5Hz
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Figure: Final velocity after 200 iterations

Figure: Final model after 200 iterations
using a 15hz source

using a 5hz source
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Results for tomography in a curved mesh

Final model 15Hz 6 Original model
0 e 6
5.5
aQ 5.5 _
w2
5 & 5 §
= 8 ES
45% < z
3 8 4‘5§
1 4 °
3.5
3.5

:E1(km) o (km)

Figure: Final velocity after 200 iterations

using a 15hz source Figure: Original velocity model
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Convergence

Error function

Normalized error
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Figure: Convergence of the FWI algorithm in Riemannian space
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Usual FWI
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(a) Original velocity model “v". (b) Starting velocity model “vqo"
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(c) Updated velocity model “v¢”.  (d) Objective function’s evol.
Figure: FWI in an Euclidian space for the Marmousi velocity model
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Usual FWI
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Figure 17: The updated velocity model at the iteration 1, 20, 50, 100, 180 and 300.

Figure: FWI in an Euclidian space for the Marmousi velocity- model

Short version

2015

32/ 35



Conclusions

@ FWI can be implemented in curved meshes just by modifying the laplacian.

@ When transforming from physical to computational domain the steps sizes in
time and space doesn't change.

@ The algorithms also solves the problem of the near-surface imaging.

@ The transformantion can be applied to other wave equations using the chaing
rule for the derivatives.
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